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T
he most commonly used methods for inference about the means of quantita-
tive response variables assume that the variables in question have Normal 
distributions in the population or populations from which we draw our data. 

In practice, of course, no distribution is exactly Normal. Fortunately, our usual 
methods for inference about population means (the one-sample and two-sample t
procedures and analysis of variance) demonstrate robustness. That is, the results 
of inference are not very sensitive to moderate lack of Normality, especially when 
the samples are reasonably large. Practical guidelines for taking advantage of the 
robustness of these methods appear in Chapters 20, 21, and 27.

What can we do if plots suggest that the data are clearly not Normal, especially 
when we have only a few observations? This is not a simple question. Here are the 
basic options:

1. If lack of Normality is due to outliers, it may be legitimate to remove outliers
if you have reason to think that they do not come from the same population 
as the other observations. Equipment failure that produced a bad measure-

ment, for example, entitles you to remove the outlier and analyze the 
remaining data. But if an outlier appears to be “real data,” you should not 
arbitrarily remove it.

2. In some settings, other standard distributions replace the Normal distributions 
as models for the overall pattern in the population. The lifetimes in service of 
equipment or the survival times of cancer patients after treatment usually have 
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CHAPTER 28   ■   Nonparametric Tests28-2

right-skewed distributions. Statistical studies in these areas use families of right-
skewed distributions rather than Normal distributions. There are inference pro-
cedures for the parameters of these distributions that replace the t procedures.

3. Modern bootstrap methods and permutation tests use heavy computing to 
avoid requiring Normality or any other specific form of sampling distribution. 
We recommend these methods unless the sample is so small that it may not 
represent the population well. For an introduction, see Companion Chapter 
16 of the somewhat more advanced text Introduction to the Practice of Statistics,
available online at www.whfreeman.com/ips8e.

4. Finally, there are other nonparametric methods, which do not assume any 
specific form for the distribution of the population. Unlike bootstrap and per-
mutation methods, common nonparametric methods do not make use of the 
actual values of the observations.

This chapter concerns one type of nonparametric procedure: tests that can 
replace the t tests and one-way analysis of variance when the Normality conditions 
for those tests are not met. The most useful nonparametric tests are rank tests
based on the rank (place in order) of each observation in the set of all the data.

Figure 28.1 presents an outline of the standard tests (based on Normal distribu-
tions) and the rank tests that compete with them. The rank tests require that the 
population or populations have continuous distributions. That is, each distribution 
must be described by a density curve (page 75) that allows observations to take any 
value in some interval of outcomes. The Normal curves are one shape of density 
curve. Rank tests allow curves of any shape.

rank tests

FIGURE 28.1
Comparison of tests based on Normal 

distributions with rank tests for similar 

settings.

Setting Normal test Rank test

One sample Wilcoxon signed rank test

Wilcoxon rank sum test

Kruskal–Wallis testOne-way ANOVA F test
Chapter 27

One-sample t test
Chapter 20

Matched pairs Apply one-sample test to differences within pairs

Two independent samples Two-sample t test
Chapter 21

Several independent samples

The rank tests we will study concern the center of a population or populations. 
When a population has at least roughly a Normal distribution, we describe its cen-
ter by the mean. The “Normal tests” in Figure 28.1 all test hypotheses about popu-
lation means. When distributions are strongly skewed, we often prefer the median 
to the mean as a measure of center. In simplest form, the hypotheses for rank tests 
just replace mean by median.

We begin by describing the most common rank test, for comparing two samples. 
In this setting we also explain ideas common to all rank tests: the big idea of using 
ranks, the conditions required by rank tests, the nature of the hypotheses tested, 
and the contrast between exact distributions for use with small samples and Normal 
approximations for use with larger samples.

28.1 Comparing two samples: 
the Wilcoxon rank sum test
Two-sample problems (see Chapters 21 and 23) are among the most common in 

statistics. The most useful nonparametric significance test compares two distribu-
tions. Here is an example of this setting.
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28-328.1 Comparing Two Samples: The Wilcoxon Rank Sum Test

First, arrange all eight observations from both samples in order from smallest 
to largest:

153.1 156.0 158.6 165.0 166.7 172.2 176.4 176.9

The boldface entries in the list are the yields with no weeds present. We see that 
four of the five highest yields come from that group, suggesting that yields are higher 
with no weeds. The idea of rank tests is to look just at position in this ordered list. 
To do this, replace each observation by its order, from 1 (smallest) to 8 (largest). 
These numbers are the ranks:

STATE: Does the presence of small numbers of weeds reduce the yield of corn? 

Lamb’s-quarter is a common weed in corn fields. A researcher planted corn at the 

same rate in eight small plots of ground, then weeded the corn rows by hand to allow 

no weeds in four randomly selected plots and exactly three lamb’s-quarter plants per

meter of row in the other four plots. Here are the yields of corn (bushels per acre) 

in each of the plots:1

step4

DA
TA

DA
TA

WEEDS3

EXAMPLE 28.1 Weeds among the Corn

Zero weeds per meter 166.7 172.2 165.0 176.9

Three weeds per meter 158.6 176.4 153.1 156.0

PLAN: Make a graph to compare the two sets of yields. Test the hypothesis that 

there is no difference against the one-sided alternative that yields are higher when 

no weeds are present.

SOLVE (first steps): A back-to-back stemplot (Figure 28.2) suggests that yields 

may be higher when there are no weeds. There is one outlier; because it is cor-

rect data, we cannot remove it. The samples are too small to rely on the robust-

ness of  the two-sample t test. We will now develop a test that does not require 

Normality. ■

3 weeds/meter0 weeds/meter

7 5 
   2 
   7

15 
15 
16 
16 
17
17

3 
6 9 

6

FIGURE 28.2
Back-to-back stemplot of corn yields 

from plots with no weeds and with three 

weeds per meter of row, for Example 

28.1. Notice the split stems, with leaves 

0 to 4 on the first stem and leaves 5 to 

9 on the second stem.

Yield 153.1 156.0 158.6 165.0 166.7 172.2 176.4 176.9
Rank 1 2 3 4 5 6 7 8

Ranks

To rank observations, first arrange them in order from smallest to largest. The rank 

of each observation is its position in this ordered list, starting with rank 1 for the 
smallest observation.
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CHAPTER 28   ■   Nonparametric Tests28-4

Moving from the original observations to their ranks retains only the ordering of 
the observations and makes no other use of their numerical values. Working with 
ranks allows us to dispense with specific conditions on the shape of the distribution, 
such as Normality.

If the presence of weeds reduces corn yields, we expect the ranks of the yields 
from plots without weeds to be larger as a group than the ranks from plots with 
weeds. Let’s compare the sums of the ranks from the two treatments:

Treatment Sum of  Ranks

No weeds 23

Weeds 13

These sums measure how much the ranks of the weed-free plots as a group exceed 
those of the weedy plots. In fact, the sum of the ranks from 1 to 8 is always equal 
to 36, so it is enough to report the sum for one of the two groups. If the sum of 
the ranks for the weed-free group is 23, the ranks for the other group must add to 
13 because 23 � 13 � 36. If the weeds have no effect, we would expect the sum 
of the ranks in either group to be 18 (half of 36). Here are the facts we need in a 
more general form that takes account of the fact that our two samples need not be 
the same size.

The Wilcoxon Rank Sum Test

Draw an SRS of size n1 from one population, and draw an independent SRS of size 
n2 from a second population. There are N observations in all, where N � n1 � n2. 
Rank all N observations. The sum W of the ranks for the first sample is the Wilcoxon 

rank sum statistic. If the two populations have the same continuous distribution, 
then W has mean

�W �
n1 1N � 12

2

and standard deviation

�W � B
n1 n2 1N � 12

12

The Wilcoxon rank sum test rejects the hypothesis that the two populations have 
identical distributions when the rank sum W is far from its mean.

In the corn yield study of Example 28.1, we want to test the hypotheses

H0: no difference in distribution of yields
Ha: yields are systematically higher in weed-free plots

Our test statistic is the rank sum W � 23 for the weed-free plots.

SOLVE: First note that the conditions for the Wilcoxon test are met: the data come 

from a randomized comparative experiment, and the yield of corn in bushels per acre 

has a continuous distribution.

step4

EXAMPLE 28.2 Weeds among the Corn: Inference
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28-528.1 Comparing Two Samples: The Wilcoxon Rank Sum Test

There are N � 8 observations in all, with n1 � 4 and n2 � 4. The sum of ranks 

for the weed-free plots has mean

 �W �
n1 1N � 12

2

 �
142 192

2
� 18

and standard deviation

 �W � B
n1n2 1N � 12

12

 � B
142 142 192

12
� 212 � 3.464

Although the observed rank sum W � 23 is higher than the mean, it is only about 

1.4 standard deviations higher. We now suspect that the data do not give strong 

evidence that yields are higher in the population of weed-free corn.

The P-value for our one-sided alternative is P 1W � 232 , the probability that W is 

at least as large as the value for our data when H0 is true. Software tells us that this 

probability is P � 0.1.

CONCLUDE: The data provide some evidence (P � 0.1) that corn yields are lower 

when weeds are present. There are only four observations in each group, so even quite 

large effects can fail to reach the levels of significance usually considered convincing, 

such as P � 0.05. A larger experiment might clarify the effect of weeds on corn yield. ■

Apply Your Knowledge
28.1 Daily Activity and Obesity. Our lead example for the two-sample t procedures 

in Chapter 21 concerned a study comparing the level of physical activity of lean 
and mildly obese people who don’t exercise. Here are the minutes per day that 
the subjects spent standing or walking over a 10-day period: 

DA
TA

DA
TA STANDTME

Lean Subjects Obese Subjects

511.100 543.388 260.244 416.531
607.925 677.188 464.756 358.650

319.212 555.656 367.138 267.344

584.644 374.831 413.667 410.631

578.869 504.700 347.375 426.356

 The data are a bit irregular but not distinctly non-Normal. Let’s use the 
Wilcoxon test for comparison with the two-sample t test.

(a) Find the median minutes spent standing or walking for each group. 
Which group appears more active?

(b) Arrange all 20 observations in order, and find the ranks.

(c) Take W to be the sum of the ranks for the lean group. What is the 
value of W? If the null hypothesis (no difference between the groups) 
is true, what are the mean and standard deviation of W?

(d) Does comparing W with the mean and standard deviation suggest that 
the lean subjects are more active than the obese subjects?

28.2 How Strong Are Durable Press Fabrics? “Durable press” cotton fab-
rics are treated to improve their recovery from wrinkles after washing. Un-
fortunately, the treatment also reduces the strength of the fabric. A study 
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CHAPTER 28   ■   Nonparametric Tests28-6

compared the breaking strengths of fabrics treated by two commercial du-
rable press processes. Five swatches of the same fabric were assigned at 
random to each process. Here are the data, in pounds of pull needed to tear 
the fabric:2 

DA
TA

DA
TA FABRICS

 There is a mild outlier in the Permafresh group. Perhaps we should use the 
Wilcoxon test.

(a) Arrange the breaking strengths in order, and find their ranks.

(b) Find the Wilcoxon statistic W for the Permafresh group, along with its 
mean and standard deviation under the null hypothesis (no difference 
between the groups).

(c) Is W far enough from the mean to suggest that there may be a difference 
between the groups?

Permafresh 29.9 30.7 30.0 29.5 27.6

Hylite 28.8 23.9 27.0 22.1 24.2

28.2 The Normal approximation for W
To calculate the P-value P1W � 232  for Example 28.2, we need to know the 

sampling distribution of the rank sum W when the null hypothesis is true. This dis-
tribution depends on the two sample sizes n1 and n2. Tables are therefore unwieldy. 
Most statistical software will give you P-values, as well as carry out the ranking and 
calculate W. However, many software packages give only approximate P-values. You 
must learn what your software offers.

With or without software, P-values for the Wilcoxon test are often based on the 
fact that the rank sum statistic W becomes approximately Normal as the two 
sample sizes increase. We can then form yet another z statistic by standardizing W:

 z �
W � �W

�W

 �
W � n1 1N � 12�2

2n1n2 1N � 12�12
Use standard Normal probability calculations to find P-values for this statistic. 
Because W takes only whole-number values, an idea called the continuity correction 
improves the accuracy of the approximation.

Continuity Correct ion

To apply the continuity correction in a Normal approximation for a variable that 
takes only whole-number values, act as if each whole number occupies the entire 
interval from 0.5 below the number to 0.5 above it.

The standardized rank sum statistic W in our corn yield example is

z �
W � �W

�W

�
23 � 18

3.464
� 1.44

We expect W to be larger when the alternative hypothesis is true, so the approximate 

P-value is (from Table A)

P1Z � 1.442 � 0.0749

EXAMPLE 28.3 Weeds among the Corn: Normal Approximation
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28-728.2 The Normal Approximation for W

We can improve this approximation by using the continuity correction. To do this, act 

as if the whole number 23 occupies the entire interval from 22.5 to 23.5. Calculate 

the P-value P 1W � 232 as P 1W � 22.52 because the value 23 is included in the 

range whose probability we want. Here is the calculation:

 P 1W � 22.52 � P aW � �W

�W

�
22.5 � 18

3.464
b

 � P 1Z � 1.302
 � 0.0968

This is close to the software value, P � 0.1. If you do not use the exact distribution 

of W (from software or tables), you should always use the continuity correction in 

calculating P-values. ■

Apply Your Knowledge
28.3 Daily Activity and Obesity, Continued. In Exercise 28.1, you found the 

Wilcoxon rank sum W and its mean and standard deviation. We want to test 
the null hypothesis that the two groups don’t differ in activity against the 
alternative hypothesis that the lean subjects spend more time standing and 
walking. 

DA
TA

DA
TA STANDTME

(a) What is the probability expression for the P-value of W if we use the 
continuity correction?

(b) Find the P-value. What do you conclude?

28.4 Strength of Durable Press Fabrics, Continued. Use your values of W, 
�W, and �W from Exercise 28.2, to see whether fabrics treated with the two 
processes differ in breaking strength. 

DA
TA

DA
TA FABRICS

(a) The two-sided P-value is 2P1W � ?2 . Using the continuity correction, 
what number replaces the ? in this probability?

(b) Find the P-value. What do you conclude?

28.5 Tell Me a Story. A study of early childhood education asked kindergarten 
students to tell fairy tales that had been read to them earlier in the week. 
The 10 children in the study included five high-progress readers 
and five low-progress readers. Each child told two stories. Story 1 
had been read to them; Story 2 had been read and also illustrated 
with pictures. An expert listened to a recording of the children 
and assigned a score for certain uses of language. Here are the 
data:3 

DA
TA

DA
TA STORY2

Child Progress
Story 1 
Score

Story 2 
Score

 1 high 0.55 0.80

 2 high 0.57 0.82

 3 high 0.72 0.54

 4 high 0.70 0.79

 5 high 0.84 0.89

 6 low 0.40 0.77

 7 low 0.72 0.49

 8 low 0.00 0.66

 9 low 0.36 0.28

10 low 0.55 0.38

step4
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CHAPTER 28   ■   Nonparametric Tests28-8

 Look only at the data for Story 2. Is there good evidence that high-progress 
readers score higher than low-progress readers? Follow the four-step process 
as illustrated in Examples 28.1 and 28.2.

28.3 Using technology
For samples as small as those in the corn yield study of Example 28.1, we prefer 

software that gives the exact P-value for the Wilcoxon test rather than the Normal 
approximation. Neither the Excel spreadsheet nor TI graphing calculators have 
menu entries for rank tests. Minitab offers only the Normal approximation.

Results - Mann-Whitney U

Export

Null hypothesis:

Alternative hypothesis:

W statistic:

P-value: 0.1000

13

Location shift = 0

Location shift > 0

CrunchIt!

FIGURE 28.3
Output from CrunchIt! for the data of 

Example 28.1. The output compares 

the results of three tests that could 

be used to compare yields for the 

two groups of corn plots.

Results - t 2-Sample

Export

Null hypothesis:

Alternative hypothesis: Difference of means > 0

Std Dev

Weeds0 5.422

10.49

df: 4.495

9.175

1.554

0.09372

Difference of means:

t statistic:

P-value:

170.2

161.0Weeds3

Sample Mean n

4

4

Difference of means = 0

Figure 28.3 displays output from CrunchIt! for the corn yield data. The top panel 

reports the exact Wilcoxon P-value as P � 0.1. The Normal approximation with 

continuity correction, P � 0.0968 in Example 28.3, is quite accurate. There are 

several differences between the CrunchIt! output and our work in Example 28.3. The 

most important is that CrunchIt! carries out the Mann–Whitney test rather than the 

Wilcoxon test. The two tests always have the same P-value because the two statistics 

are related by simple algebra.

Mann–Whitney test

EXAMPLE 28.4 Weeds among the Corn: Software Output
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28-928.3 Using Technology

Results - t 2-Sample

Export

Null hypothesis:

Alternative hypothesis:

Std Dev

weeds0 5.422 170.2 4

weeds3

df:

Difference of means:

6

9.175

69.75

1.554

0.08563P-value:

t statistic:

Pooled estimator:

10.49 161.0 4

Sample Mean n

Difference of means > 0

Difference of means = 0

CrunchIt! FIGURE 28.3
(Continued)

The second panel in Figure 28.3 is the two-sample t test from Chapter 21, which 

does not assume that the two populations have the same standard deviation. It gives 

P � 0.0937, close to the Wilcoxon value. Because the t test is quite robust, it is 

somewhat unusual for P-values from t and W to differ greatly.

The bottom panel shows the result of the “pooled” version of t, now outdated, that 

assumes equal population standard deviations. You see that its P-value is a bit differ-

ent from the others. We do not recommend its use in general, despite the reasonable 

agreement in this example. ■

Apply Your Knowledge
28.6 Strength of Durable Press Fabrics: Software. Use your software to 

repeat the Wilcoxon test you did in Exercise 28.4. By comparing the results, 
state how your software finds P-values for W: exact distribution, Normal ap-
proximation with continuity correction, or Normal approximation without 
continuity correction. 

DA
TA

DA
TA FABRICS

28.7 Daily Activity and Obesity: Software. Use your software to carry out 
the one-sided Wilcoxon rank sum test that you did by hand in Exercise 28.3. 
Use the exact distribution if your software will do it. Compare the software 
result with your result in Exercise 28.3. 

DA
TA

DA
TA STANDTME

28.8 Weeds among the Corn. The corn yield study of Example 28.1 also 
examined yields in four plots having nine lamb’s-quarter plants per meter 
of row. The yields (bushels per acre) in these plots were 

DA
TA

DA
TA WEEDS9

162.8 142.4 162.7 162.4

 There is a clear outlier, but rechecking the results found that this is the 
correct yield for this plot. The outlier makes us hesitant to use t procedures 
because x and s are not resistant.
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CHAPTER 28   ■   Nonparametric Tests28-10

(a) Is there evidence that nine weeds per meter reduces corn yields when 
compared with weed-free corn? Use the Wilcoxon rank sum test with 
the preceding data and part of the data from Example 28.1 to answer 
this question.

(b) Compare the results from part (a) with those from the two-sample t test 
for these data.

(c) Now remove the low outlier 142.4 from the data with nine weeds per 
meter. Repeat both the Wilcoxon and t analyses. By how much did the 
outlier reduce the mean yield in its group? By how much did it increase 
the standard deviation? Did it have a practically important impact on 
your conclusions?

28.4 What hypotheses does Wilcoxon test?
Our null hypothesis is that weeds do not affect yield. The alternative hypothesis 

is that yields are lower when weeds are present. If we are willing to assume that 
yields are Normally distributed, or if we have reasonably large samples, we can use 
the two-sample t test for means. Our hypotheses then have the form

 H0:  �1  �  �2

 Ha:  �1 �  �2

When the distributions may not be Normal, we might restate the hypotheses in 
terms of population medians rather than means:

 H0:  median1  �  median2

 Ha:  median1 �  median2

The Wilcoxon rank sum test provides a test of these hypotheses, but only if an addi-
tional condition is met: both populations must have distributions of the same shape.
That is, the density curve for corn yields with three weeds per meter looks exactly 
like that for no weeds except that it may slide to a different location on the scale of 
yields. The CrunchIt! output in the top panel of Figure 28.3 states the hypotheses 
in terms of a location shift, the difference in the medians.

The same-shape condition is too strict to be reasonable in practice. Fortunately, 
the Wilcoxon test also applies in a more useful setting. It compares any two contin-
uous distributions, whether or not they have the same shape, by testing hypotheses 
that we can state in words as

 H0: the two distributions are the same
 Ha: one has values that are systematically larger

A more exact statement of the “systematically larger” alternative hypothesis 
is a bit tricky, so we won’t try to give it here.4 These hypotheses really are 
“nonparametric” because they do not involve any specific parameter such as the 
mean or median. If the two distributions do have the same shape, the general 

hypotheses reduce to comparing medians. Many texts and computer out-
puts state the hypotheses in terms of medians, sometimes ignoring the same-
shape condition. We recommend that you express the hypotheses in 

words rather than symbols. “Yields are systematically higher in weed-free plots” 
is easy to understand and is a good statement of the effect that the Wilcoxon 
test looks for.

!
CAUTION
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28-1128.5 Dealing with Ties in Rank Tests

Apply Your Knowledge
28.9 Daily Activity and Obesity: Hypotheses. We could use either the 

two-sample t or the Wilcoxon rank sum to test the null hypothesis that 
lean and mildly obese people don’t differ in the time they spend standing 
and walking against the alternative hypothesis that lean people generally 
spend more time in these activities. Explain carefully what H0 and Ha are 
for t and for W.

28.10 Strength of Durable Press Fabrics: Hypotheses. We are interested in 
whether fabrics treated with the Permafresh and Hylite processes have the 
same breaking strength “on the average.”

(a) State null and alternative hypotheses in terms of population means. 
What test would we typically use for these hypotheses? What condi-
tions does this test require?

(b) State null and alternative hypotheses in terms of population medians. 
What test would we typically use for these hypotheses? What condi-
tions does this test require?

28.5 Dealing with ties in rank tests
We have chosen our examples and exercises to this point rather carefully: they 

all involve data in which no two values are the same. This allowed us to rank all 
the values. In practice, however, we often find observations tied at the same value. 
What shall we do? The usual practice is to assign all tied values the average of the 
ranks they occupy. Here is an example with six observations:

Observation 153 155 158 158 161 164
Rank 1 2 3.5 3.5 5 6

The tied observations occupy the third and fourth places in the ordered list, so they 
share rank 3.5.

The exact distribution we have been using for the Wilcoxon rank sum W applies 
only to data without ties. Moreover, the standard deviation �W must be adjusted 
if ties are present. The Normal approximation can be used after the standard 
deviation is adjusted. Most statistical software will detect ties and make the neces-
sary adjustment when using the Normal approximation. Although there is an exact 

distribution when the data contain tied values, it is more complex and requires 
specialized software to compute. In practice, be careful using ranks tests for very 
small sample sizes when ties are present.

Some data have many ties because the scale of measurement has only a few values. 
Rank tests are often used for such data. Here is an example.

average

!
CAUTION

STATE: Food sold at outdoor fairs and festivals may be less safe than food sold in 

restaurants because it is prepared in temporary locations and often by volunteer help. 

What do people who attend fairs think about the safety of the food served? One 

study asked this question of people at a number of fairs in the Midwest: “How often 

step4

EXAMPLE 28.5 Food Safety at Fairs
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CHAPTER 28   ■   Nonparametric Tests28-12

do you think people become sick because of food they consume prepared at outdoor 

fairs and festivals?” The possible responses were

1 � very rarely

2 � once in a while

3 � often

4 � more often than not

5 � always

In all, 303 people answered the question. Of these, 196 were women and 107 were 

men.5 We suspect that women are more concerned than men about food safety. Is 

there good evidence for this conclusion?

PLAN: Do data analysis to understand the difference between women and men. 

Check the conditions required by the Wilcoxon test. If the conditions are met, use the 

Wilcoxon test for the hypotheses

H0: men and women do not differ in their responses

Ha: women give systematically higher responses than men

SOLVE: The responses for the 303 subjects appear in the data file. We can summarize 

them in a two-way table of counts:

Response

1 2 3 4 5 Total

Female 13 108 50 23 2 196

Male 22 57 22  5 1 107

Total 35 165 72 28 3 303

Comparing row percents shows that the women in the sample do tend to give higher 

responses (showing more concern):

Response

1 2 3 4 5 Total

Percent of females  6.6 55.1 25.5 11.7 1.0 100

Percent of males 20.6 53.3 20.6  4.7 1.0 100

Are these differences between women and men statistically significant?

The most important condition for inference is that the subjects are a random 

sample of people who attend fairs, at least in the Midwest. The researcher visited 

11 different fairs. She stood near the entrance and stopped every 25th adult who 

passed. Because no personal choice was involved in choosing the subjects, we can 

reasonably treat the data as coming from a random sample. (As usual, there was 

some nonresponse, which could create bias.) The Wilcoxon test also requires that 

responses have continuous distributions. We think that the subjects really have a con-

tinuous distribution of opinions about how often people become sick from food at 

fairs. The questionnaire asks them to round off their opinions to the nearest value in 

the five-point scale. So we are willing to use the Wilcoxon test.

Because the responses can take only five values, there are many ties. All 35 people 

who chose “very rarely” are tied at 1, and all 165 who chose “once in a while” are 

tied at 2. Figure 28.4 gives output from CrunchIt!. The Wilcoxon (reported as Mann–

Whitney) test for the one-sided alternative that women are more concerned about 

food safety at fairs is highly significant (P � 0.000429).

With more than 100 observations in each group and no outliers, we might use the 

two-sample t test even though responses take only five values. Figure 28.4 shows 

DA
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DA
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FAIRSAFE
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28-1328.5 Dealing with Ties in Rank Tests

As is often the case, t and W for the data in Example 28.5 agree closely. There is, 
however, another reason to prefer the rank test in this example. The t statistic treats 
the response values 1 through 5 as meaningful numbers. In particular, the possible 
responses are treated as though they are equally spaced. The difference between 
“very rarely” and “once in a while” is the same as the difference between “once in 
a while” and “often.” This may not make sense. The rank test, on the other hand, 
uses only the order of the responses, not their actual values. The responses are 

arranged in order from least to most concerned about safety, so the rank 
test makes sense. Some statisticians avoid using t procedures when there is no 
fully meaningful scale of measurement.

Because we have a two-way table, we might have applied the chi-square test 
(Chapter 25), which asks if there is a significant relationship of any kind between 
sex and response. The chi-square test ignores the ordering of the responses and 
so doesn’t tell us whether women are more concerned than men about the safety 
of the food served. This question depends on the ordering of responses from least 
concerned to most concerned.

that t � 3.365 with P � 0.000451. The one-sided P-value for the two-sample t test 

is essentially the same as that for the Wilcoxon test.

CONCLUDE: There is very strong evidence (P � 0.0004 for the Wilcoxon test) that 

women are more concerned than men about the safety of food served at fairs. ■

Results - Mann-Whitney U

Export

Null hypothesis:

Alternative hypothesis:

Location shift = 0

Location shift > 0

W statistic:

P-value: 0.0004288

1.269e+4

CrunchIt!

Results - t 2-Sample

Export

Null hypothesis:

Alternative hypothesis:

gender

F

M

df:

Difference of means:

218.9

0.3326

3.365t statistic:

P-value: 0.0004512

0.8246

0.8208

2.454

2.121

Std Dev Sample Mean n

196

107

Difference of means = 0

Difference of means > 0

FIGURE 28.4
Output from CrunchIt! for the data of 

Example 28.5. The Wilcoxon rank sum 

test and the two-sample t test give 

similar results.

!
CAUTION
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CHAPTER 28   ■   Nonparametric Tests28-14

Apply Your Knowledge
Software is required to adequately carry out the Wilcoxon rank sum test in the presence of 
ties. All of the following exercises concern data with ties.

28.11 Perception of Life Expectancy. Exercise 21.8 (page 496) compares the 
perceived life expectancies of men and women. A researcher asked a sample 
of men and women to indicate their life expectancy. This was compared 
with values from actuarial tables, and the relative percent difference was 
computed (perceived life expectancy minus life expectancy from actuarial 
tables was divided by life expectancy from actuarial tables and converted to 
a percent). Here are the relative percent differences for all men and women 
over the age of 70 in the sample: 

DA
TA

DA
TA LIFEEXP

Men �28 �23 �20 �19 �14 �13
Women �20 �19 �15 �12 �10  �8 �5

(a) What are the null and alternative hypotheses for the Wilcoxon 
test? For the two-sample t test?

(b) There are two pairs of tied observations. What ranks do you assign 
to each observation, using average ranks for ties?

(c) Apply the Wilcoxon rank sum test to these data. Compare your 
result with the P � 0.0528 obtained from the two-sample t test in 
Figure 21.5.

28.12 Do Birds Learn to Time Their Breeding? Exercises 21.44 to 21.46 
(page 513) concern a study of whether supplementing the diet of blue tit-
mice with extra caterpillars will prevent them from adjusting their breeding 
date the following year to obtain a better food supply. Here are the data 
(days after the caterpillar peak): 

DA
TA

DA
TA BREEDING

Control 4.6 2.3 7.7 6.0 4.6 �1.2
Supplemented 15.5 11.3 5.4 16.5 11.3 11.4 7.7

 The null hypothesis is no difference in timing; the alternative hypothesis is 
that the supplemented birds miss the peak by more days because they don’t 
adjust their breeding date.

(a) There are three sets of ties, at 4.6, 7.7, and 11.3. Arrange the 
observations in order, and assign average ranks to each tied 
observation.

(b) Take W to be the rank sum for the supplemented group. What is 
the value of W?

(c) Use software: find the P-value of the Wilcoxon test and state your 
conclusion.

28.13 Tell Me a Story, Continued. The data in Exercise 28.5 for a story told 
without pictures (Story 1) have tied observations. Is there good evidence 
that high-progress readers score higher than low-progress readers when they 
retell a story they have heard without pictures? 

DA
TA

DA
TA STORY1

(a) Make a back-to-back stemplot of the five responses in each group. 
Are any major deviations from Normality apparent?

(b) Carry out a two-sample t test. State hypotheses, and give the 
two sample means, the t statistic and its P-value, and your 
conclusion.
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28-1528.5 Dealing with Ties in Rank Tests

(c) Carry out the Wilcoxon rank sum test. State hypotheses, and give 
the rank sum W for high-progress readers, its P-value, and your con-
clusion. Do the t and Wilcoxon tests lead you to different 
conclusions?

28.14 Do Good Smells Bring Good Business? Exercise 21.9 (page 497) 
describes an experiment that asked whether background aromas in a res-
taurant encourage customers to stay longer and spend more. The data on 
amount spent (in euros) are as follows: 

DA
TA

DA
TA ODORS

No Odor

15.9 18.5 15.9 18.5 18.5 21.9 15.9 15.9 15.9 15.9

15.9 18.5 18.5 18.5 20.5 18.5 18.5 15.9 15.9 15.9

18.5 18.5 15.9 18.5 15.9 18.5 15.9 25.5 12.9 15.9
Lavender Odor

21.9 18.5 22.3 21.9 18.5 24.9 18.5 22.5 21.5 21.9

21.5 18.5 25.5 18.5 18.5 21.9 18.5 18.5 24.9 21.9

25.9 21.9 18.5 18.5 22.8 18.5 21.9 20.7 21.9 22.5

 Examine the data and comment on departures from Normality. Is there 
significant evidence that the lavender odor encourages customers to spend 
more? Follow the four-step process.

28.15 Cicadas as Fertilizer? Exercise 7.46 (page 196) gives data from an ex-
periment in which some bellflower plants in a forest were “fertilized” with 
dead cicadas and other plants were not disturbed. The data record the mass 
of seeds produced by 39 cicada-supplemented plants and 33 undisturbed 
(control) plants. Do the data show that dead cicadas increase seed mass? 
Do data analysis to compare the two groups, explain why you would be 
reluctant to use the two-sample t test, and apply the Wilcoxon test. Follow 
the four-step process. 

DA
TA

DA
TA CICADA

28.16 Food Safety in Restaurants. Example 28.5 describes a study of 
the attitudes of people attending outdoor fairs about the safety of the 
food served at such locations. The full data set contains the responses 
of 303 people to several questions. The variables in this data set are (in 
order) 

DA
TA

DA
TA FOODSAFE

subject hfair sfair sfast srest gender

 The variable “sfair” contains the responses described in the example con-
cerning safety of food served at outdoor fairs and festivals. The variable 
“srest” contains responses to the same question asked about food served in 
restaurants. The variable “gender” contains F if the respondent is a woman, 
and M if he is a man. We saw that women are more concerned than men 
about the safety of food served at fairs. Is this also true for restaurants? Fol-
low the four-step process in your answer.

28.17 More on Food Safety. The data file used in Exercise 28.16 contains 
303 rows, one for each of the 303 respondents. Each row contains the re-
sponses of one person to several questions. We wonder if people are more 
concerned about safety of food served at fairs than they are about the safety 
of food served at restaurants. Explain carefully why we cannot answer this 
question by applying the Wilcoxon rank sum test to the variables “sfair” 
and “srest.”

step4

step4

step4
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CHAPTER 28   ■   Nonparametric Tests28-16

Positive differences in Example 28.6 indicate that the child performed better tell-
ing Story 2. If scores are generally higher with illustrations, the positive differences 
should be farther from zero in the positive direction than the negative differences 
are in the negative direction. We therefore compare the absolute values of the 
differences, that is, their magnitudes without a sign. Here they are, with boldface 
indicating the positive values:

0.37 0.23 0.66 0.08 0.17

Arrange these in increasing order and assign ranks, keeping track of which values 
were originally positive. Tied values receive the average of their ranks. If there are 
zero differences, discard them before ranking.

absolute values

28.6 Matched pairs: the Wilcoxon 
signed rank test
We use the one-sample t procedures (Chapter 20) for inference about the mean 

of one population or for inference about the mean difference in a matched pairs 
setting. The matched pairs setting is more important because good studies are gen-
erally comparative. We will now meet a rank test for this setting.

STATE: A study of early childhood education asked kindergarten students to tell 

fairy tales that had been read to them earlier in the week. Each child told two stories. 

The first had been read to them, and the second had been read but also illustrated 

with pictures. An expert listened to a recording of the children and assigned a score 

for certain uses of language. Here are the data for five low-progress readers in a 

pilot study:

Child

1 2 3 4 5

Story 2 0.77   0.49 0.66   0.28   0.38

Story 1 0.40   0.72 0.00   0.36   0.55

Difference 0.37 �0.23 0.66 �0.08 �0.17

We wonder if illustrations improve how the children retell a story.

PLAN: We would like to test the hypotheses

H0: scores have the same distribution for both stories

Ha: scores are systematically higher for Story 2

SOLVE (first steps): Because this is a matched pairs design, we base our infer-

ence on the differences. The matched pairs t test gives t � 0.635 with one-sided 

P-value P � 0.280. We cannot assess Normality from so few observations. We would 

therefore like to use a rank test. ■

step4

DA
TA

DA
TA

STORIES

EXAMPLE 28.6 Tell Me a Story
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28-1728.6 Matched Pairs: The Wilcoxon Signed Rank Test

The Wilcoxon Signed Rank Test for Matched Pairs

Draw an SRS of size n from a population for a matched pairs study, and take the 
differences in responses within pairs. Rank the absolute values of these differences. 
The sum W�  of the ranks for the positive differences is the Wilcoxon signed rank 

statistic. If the distribution of the responses is not affected by the different treatments 
within pairs, then W�  has mean

�W � �
n1n � 12

4

and standard deviation

�W � � B
n1n � 12 12n � 12

24

The Wilcoxon signed rank test rejects the hypothesis that there are no systematic 
differences within pairs when the rank sum W�  is far from its mean.

SOLVE: In the storytelling study of  Example 28.6, n � 5. If  the null hypoth-

esis (no systematic effect of  illustrations) is true, the mean of  the signed rank 

statistic is

�W� �
n 1n � 12

4
�
152 162

4
� 7.5

The standard deviation of W�  under the null hypothesis is

 �W� � B
n 1n � 12 12n � 12

24

 � B
152 162 1112

24

 � 213.75 � 3.708

The observed value W� � 9 is only slightly larger than the mean. We now expect 

that the data are not statistically significant.

The P-value for our one-sided alternative is P1W� � 92 , calculated using the 

distribution of W�  when the null hypothesis is true. Software gives the P-value 

P � 0.4063.

CONCLUDE: The data give no evidence (P � 0.4) that scores are higher for Story 2. 

The data do show a small effect, but it fails to be significant because the sample is 

very small. ■

step4

EXAMPLE 28.7 Tell Me a Story, Continued

Absolute value 0.08 0.17 0.23 0.37 0.66

Rank 1 2 3 4 5

The test statistic is the sum of the ranks of the positive differences. (We could 
equally well use the sum of the ranks of the negative differences.) This is the 
Wilcoxon signed rank statistic. Its value here is W� � 9.
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CHAPTER 28   ■   Nonparametric Tests28-18

Apply Your Knowledge
28.18 Growing Trees Faster. Exercise 20.41 (page 480) describes an experi-

ment in which extra carbon dioxide was piped to some plots in a pine forest. 
Each plot was paired with a nearby control plot left in its natural state. Do 
trees grow faster with extra carbon dioxide? Here are the average percent 
increases in base area for trees in the plots: 

DA
TA

DA
TA TREES

Pair Control Plot Treated Plot

1 9.752 10.587
2 7.263  9.244
3 5.742  8.675

 The investigators used the matched pairs t test. With only three pairs, we 
can’t verify Normality. We will try the Wilcoxon signed rank test.

(a) Find the differences within pairs, arrange them in order, and rank 
the absolute values. What is the signed rank statistic W�?

(b) If the null hypothesis (no difference in growth) is true, what are the 
mean and standard deviation of W�? Does comparing W�  with 
this mean lead to a tentative conclusion?

28.19 Fighting Cancer. Lymphocytes (white blood cells) play an important role 
in defending our bodies against tumors and infections. Can lymphocytes be 
genetically modified to recognize and destroy cancer cells? In one study of 
this idea, modified cells were infused into 11 patients with metastatic mela-
noma (serious skin cancer) that had not responded to existing treatments. 
Here are data for an “ELISA” test for the presence of cells that trigger an 
immune response, in counts per 100,000 cells before and after infusion.6

High counts suggest that infusion had a beneficial effect. 

DA
TA

DA
TA ELISACT

Patient 1 2 3 4 5 6 7 8 9 10 11
Pre 14 0 1 0 0 0 0 20 1 6 0
Post 41 7 1 215 20 700 13 530 35 92 108

(a) Examine the differences (post minus pre). Why can’t we use the 
matched pairs t test to see if infusion raised the ELISA counts?

(b) We will apply the Wilcoxon signed rank test. What are the ranks 
for the absolute values of the differences in counts? What is the value 
of W�?

(c) What would be the mean and standard deviation of W�  if the null 
hypothesis (infusion makes no difference) were true? Compare W�  
with this mean (in standard deviation units) to reach a tentative 
conclusion about significance.

28.7 The Normal approximation for W+

The distribution of the signed rank statistic when the null hypothesis (no 
difference) is true becomes approximately Normal as the sample size becomes large. 
We can then use Normal probability calculations (with the continuity correction) 
to obtain approximate P-values for W� . Let’s see how this works in the storytelling 
example, even though n � 5 is certainly not a large sample.
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28-1928.7 The Normal Approximation for W+

Figure 28.5 displays the output of two statistical programs. Minitab uses the 
Normal approximation and agrees with our calculation P � 0.394. We asked 
CrunchIt! to do two analyses: using the exact distribution of W�  and using the 
matched pairs t test. The exact one-sided P-value for the Wilcoxon signed rank test 
is P � 0.4063, as we reported in Example 28.7. The Normal approximation is quite 
close to this. The t test result is a bit different, P � 0.28, but all three tests tell us 
that this very small sample gives no evidence that seeing illustrations improves the 
storytelling of low-progress readers.

For n � 5 observations, we saw in Example 28.7 that �W� � 7.5 and that 

�W� � 3.708. We observed W� � 9, so the one-sided P-value is P 1W� � 92 . The 

continuity correction calculates this as P1W� � 8.52 , treating the value W� � 9 

as occupying the interval from 8.5 to 9.5. We find the Normal approximation 

for the P-value either from software or by standardizing and using the standard 

Normal table:

 P 1W� � 8.52 � P aW� � 7.5

3.708
�

8.5 � 7.5

3.708
b

 � P 1Z � 0.272
� 0.394 ■

EXAMPLE 28.8 Tell Me a Story: Normal Approximation

Minitab

Diff 5 5 9.0 0.394 0.1000

Wilcoxon Signed Rank Test: Diff

Test of Median = 0.000000 versus median > 0.000000

N

N Test Statistic P Median

for Wilcoxon Estimated

MINITAB

CrunchIt!

Results - Wilcoxon Signed Rank

Export

Null hypothesis: Median = 0

Median > 0

W statistic: 9

P-value: 0.4063

Alternative hypothesis:

Null hypothesis:

Alternative hypothesis:

Mean difference = 0

Mean difference > 0

Mean difference:

df:

0.1100

4

0.6350t statistic:

P-value: 0.2800

Results - t Paired

Export

FIGURE 28.5
Output from Minitab and CrunchIt! for the storytelling data of Example 28.6. The CrunchIt! output compares the 

Wilcoxon signed rank test (with the exact distribution) and the matched pairs t test.
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© David Sanger Photography/Alamy

Apply Your Knowledge
28.20 Growing Trees Faster: Normal Approximation. Continue your work 

from Exercise 28.18. Use the Normal approximation with continuity cor-
rection to find the P-value for the signed rank test against the one-sided 
alternative that trees grow faster with added carbon dioxide. What do you 
conclude? 

DA
TA

DA
TA TREES

28.21 W+ versus t. Find the one-sided P-value for the matched pairs t test ap-
plied to the tree growth data in Exercise 28.18. The smaller P-value of t
relative to W�  means that t gives stronger evidence of the effect of carbon 
dioxide on growth. The t test takes advantage of assuming that the data are 
Normal, a considerable advantage for these very small samples. 

DA
TA

DA
TA TREES

28.22 Fighting Cancer: Normal Approximation. Use the Normal appro-
ximation with continuity correction to find the P-value for the test in 
Exercise 28.19. What do you conclude about the effect of infusing modified 
cells on the ELISA count? 

DA
TA

DA
TA ELISACT

28.23 Ancient Air. The composition of the earth’s atmosphere may have changed 
over time. To try to discover the nature of the atmosphere long ago, we can 
examine the gas in bubbles inside ancient amber. Amber is tree resin that 
has hardened and been trapped in rocks. The gas in bubbles within amber 
should be a sample of the atmosphere at the time the amber was formed. 
Measurements on specimens of amber from the late Cretaceous era (75 million 
to 95 million years ago) give these percents of nitrogen:7 

DA
TA

DA
TA AMBER

63.4 65.0 64.4 63.3 54.8 64.5 60.8 49.1 51.0

 We wonder if ancient air differs significantly from the present atmosphere, 
which is 78.1% nitrogen. Assume (this is not yet agreed on by experts) that 
these observations are an SRS from the late Cretaceous atmosphere.

(a) Graph the data, and comment on skewness and outliers. A rank 
test is appropriate.

(b) We would like to test hypotheses about the median percent of 
nitrogen in ancient air (the population):

 H0:  median �  78.1
 Ha:  median �  78.1

 To do this, apply the Wilcoxon signed rank statistic to the differences 
between the observations and 78.1. (This is the one-sample version of the 
test.) What do you conclude?

28.8 Dealing with ties in the signed 
rank test
Ties among the absolute differences are handled by assigning average ranks. 

A tie within a pair creates a difference of zero. Because these are neither positive 
nor negative, we drop such pairs from our sample. Ties within pairs simply reduce 
the number of observations, but ties among the absolute differences complicate 
finding a P-value. Special software is required to use the exact distribution for 
the signed rank statistic W� , and the standard deviation �W �  must be adjusted 
for the ties before we can use the Normal approximation. Software will do this. 
Here is an example.
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28-2128.8 Dealing with Ties in the Signed Rank Test

EXAMPLE 28.9 Golf  Scores

  −1 
 −1 
−0 
−0 
  0 
  0

6 

5 5 5 6
3 
1 2 3 4
5 5

FIGURE 28.6
Stemplot (with split stems) of the 

differences in scores for two rounds of 

a golf  tournament, for Example 28.9.
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STATE: Here are the golf scores of 12 members of a college women’s golf team in 

two rounds of tournament play. (A golf score is the number of strokes required to 

complete the course, so that low scores are better.)

DA
TA

DA
TA

GOLF

CONCLUDE: These data give no evidence for a systematic change in scores between 

rounds. ■

step4

FIGURE 28.7
Output from CrunchIt! for the golf  

scores data of  Example 28.9. Because 

there are ties, a Normal approximation 

is used for the Wilcoxon signed rank 

test.

Results - Wilcoxon Signed Rank

Export

Null hypothesis: Median = 0

Median is not
0

Alternative

hypothesis:

W statistic: 50.50

P-value: 0.3843

CrunchIt!

Results - t Paired

Export

Null hypothesis:

Alternative hypothesis:

Mean difference:

df:

t statistic:

P-value: 0.3716

11

0.9314

1.667

Mean difference is not 0

Mean difference = 0

Negative differences indicate better (lower) scores on the second round. Based on 

this sample, can we conclude that this team’s golfers perform differently in the two 

rounds of a tournament?

PLAN: We would like to test the hypotheses that in a tournament play

H0: scores have the same distribution in Rounds 1 and 2

Ha: scores are systematically lower or higher in Round 2

SOLVE: A stemplot of the differences (Figure 28.6) shows some irregularity and a 

low outlier. We will use the Wilcoxon signed rank test.

Figure 28.7 displays CrunchIt! output for the golf score data. The Wilcoxon statistic 

is W� � 50.5 with two-sided P-value P � 0.3843. The output also includes the 

matched pairs t test, for which P � 0.3716. The two P-values are once again similar.

Player

1 2 3 4 5 6 7 8 9 10 11 12

Round 2 94 85 89 89 81 76 107  89 87 91 88 80

Round 1 89 90 87 95 86 81 102 105 83 88 91 79

Difference 5 �5 2 �6 �5 �5 5 �16 4 3 �3 1
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CHAPTER 28   ■   Nonparametric Tests28-22

Let’s see where the value W� � 50.5 came from. The absolute values of the 
differences, with boldface indicating those that were negative, are

5 5 2 6 5 5 5 16 4 3 3 1

Arrange these in increasing order and assign ranks, keeping track of which values 
were originally negative. Tied values receive the average of their ranks.

Absolute value 1 2 3 3 4 5 5 5 5 5 6 16
Rank 1 2 3.5 3.5 5 8 8 8 8 8 11 12

The Wilcoxon signed rank statistic is the sum W� � 50.5 of the ranks of the 
negative differences. (We could equally well use the sum of the ranks of the posi-
tive differences.)

Apply Your Knowledge
28.24 Does Nature Heal Best? Exercise 20.35 (page 479) gives these data 

on the healing rate (micrometers per hour) for cuts in the hind limbs of 
12 newts: 

DA
TA

DA
TA NEWTS

Newt 1 2 3 4 5 6 7 8 9 10 11 12

Control limb 36 41 39 42 44 39 39 56 33 20 49 30

Experimental 
limb

28 31 27 33 33 38 45 25 28 33 47 23

 The electrical field in the experimental limbs was reduced to zero by ap-
plying a voltage. The control limbs were not treated, so that they had their 
natural electrical field. The paired differences include an outlier, so we may 
choose to use the Wilcoxon signed rank test.

(a) Find the ranks and give the value of the test statistic W� .

(b) Use software to find the P-value. Give a conclusion. Be sure to include 
a description of what the data show in addition to the test results.

28.25 Sweetening Colas. Cola makers test new recipes for loss of sweetness 
during storage. Trained tasters rate the sweetness before and after storage. 
Here are the sweetness losses (sweetness before storage minus sweetness 
after storage) found by 10 tasters for one new cola recipe: 

DA
TA

DA
TA COLA

2.0 0.4 0.7 2.0 �0.4 2.2 �1.3 1.2 1.1 2.3

 Are these data good evidence that the cola lost sweetness?

(a) These data are the differences from a matched pairs design. State 
hypotheses in terms of the median difference in the population of all 
tasters, carry out a test, and give your conclusion.

(b) The one-sample matched pairs t test had P-value P � 0.0123 for 
these data. How does this compare with your result from part (a)? 
What are the hypotheses for the t test? What conditions must be met 
for each of the t and Wilcoxon tests?

28.26 Fungus in the Air. The air in poultry-processing plants often contains fun-
gus spores. Inadequate ventilation can damage the health of the workers. 
The problem is most serious during the summer. To measure the presence of 
spores, air samples are pumped to an agar plate, and “colony-forming units 
(CFUs)” are counted after an incubation period. Here are data from two 
locations in a plant that processes 37,000 turkeys per day, taken on four days 
in the summer. The units are CFUs per cubic meter of air.8 

DA
TA

DA
TA FUNGUS

step4
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28-2328.9 Comparing Several Samples: The Kruskal–Wallis Test

Day

1 2 3 4

Kill room 3175 2526 1763 1090

Processing 529 141 362 224

 Spore counts are clearly much higher in the kill room, but with only 
four pairs of observations, the difference may not be statistically significant. 
Apply a rank test.

28.9 Comparing several samples: 
the Kruskal–Wallis test
We have now considered alternatives to the paired-sample and two-sample t

tests for comparing the magnitude of responses to two treatments. To compare 
mean responses for more than two treatments, we use one-way analysis of vari-
ance (ANOVA) if the distributions of the responses to each treatment are at least 
roughly Normal and have similar variability. What can we do when these distribu-
tion requirements are violated?

STATE: Lamb’s-quarter is a common weed that interferes with the growth of corn. A 

researcher planted corn at the same rate in 16 small plots of ground, then randomly 

assigned the plots to four groups. He weeded the plots by hand to allow a fixed 

number of lamb’s-quarter plants to grow in each meter of corn row. These numbers 

were zero, one, three, and nine weeds in the four groups of plots. No other weeds 

were allowed to grow, and all plots received identical treatment except for the weeds. 

Here are the yields of corn (bushels per acre) in each of the plots:9

Weeds
per Meter

Corn
Yield

Weeds
per Meter

Corn
Yield

Weeds
per Meter

Corn
Yield

Weeds
per Meter

Corn
Yield

0 166.7 1 166.2 3 158.6 9 162.8

0 172.2 1 157.3 3 176.4 9 142.4

0 165.0 1 166.7 3 153.1 9 162.7

0 176.9 1 161.1 3 156.0 9 162.4

Do yields change as the presence of weeds changes?

PLAN: Do data analysis to see how the yields change. Test the null hypothesis 

“no difference in the distribution of yields” against the alternative that the groups 

do differ.

SOLVE (first steps): The summary statistics are

Weeds n Median Mean Std. Dev.

0 4 169.45 170.200  5.422

1 4 163.65 162.825  4.469

3 4 157.30 161.025 10.493

9 4 162.55 157.575 10.118

step4

DA
TA

DA
TA

WEEDFULL

EXAMPLE 28.10 Weeds among the Corn
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CHAPTER 28   ■   Nonparametric Tests28-24

The mean yields do go down as more weeds are added. ANOVA tests whether the 

differences are statistically significant. Can we safely use ANOVA? Outliers are pres-

ent in the yields for three and nine weeds per meter. The outliers explain the dif-

ferences between the means and the medians. They are the correct yields for their 

plots, so we cannot remove them. Moreover, the sample standard deviations do not 

quite satisfy our rule of thumb for ANOVA that the largest should not exceed twice 

the smallest. We may prefer to use a nonparametric test. ■

28.11 The Kruskal–Wallis test statistic
Recall the analysis of variance idea: we write the total observed variation in the 

responses as the sum of two parts, one measuring variation among the groups (sum 
of squares for groups, SSG) and one measuring variation among individual observa-
tions within the same group (sum of squares for error, SSE). The ANOVA F test 
rejects the null hypothesis that the mean responses are equal in all groups if SSG 
is large relative to SSE.

The idea of the Kruskal–Wallis rank test is to rank all the responses from all groups 
together and then apply one-way ANOVA to the ranks rather than to the original 
observations. If there are N observations in all, the ranks are always the whole numbers 
from 1 to N. The total sum of squares for the ranks is therefore a fixed number no 
matter what the data are. So we do not need to look at both SSG and SSE. Although 
it isn’t obvious without some unpleasant algebra, the Kruskal–Wallis test statistic is 
essentially just SSG for the ranks. We give the formula, but you should rely on software 
to do the arithmetic. When SSG is large, that is evidence that the groups differ.

28.10 Hypotheses and conditions for 
the Kruskal–Wallis test
The ANOVA F test concerns the means of the several populations represented 

by our samples. For Example 28.10, the ANOVA hypotheses are

H0: �0 � �1 � �3 � �9

Ha: not all four means are equal

For example, �0 is the mean yield in the population of all corn planted under the 
conditions of the experiment with no weeds present. The data should consist of four 
independent random samples from the four populations, all Normally distributed 
with the same standard deviation.

The Kruskal–Wallis test is a rank test that can replace the ANOVA F test. The 
condition about data production (independent random samples from each popula-
tion) remains important, but we can relax the Normality condition. We assume 
only that the response has a continuous distribution in each population. The 
hypotheses tested in our example are

 H0: yields have the same distribution in all groups
Ha: yields are systematically higher in some groups than in others

If all the population distributions have the same shape (Normal or not), these 
hypotheses take a simpler form. The null hypothesis is that all four populations have 
the same median yield. The alternative hypothesis is that not all four median yields 
are equal. The different standard deviations suggest that the four distributions in 
Example 28.10 do not all have the same shape.
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28-2528.11 The Kruskal–Wallis Test Statistic

The Kruskal–Wal l is  Test

Draw independent SRSs of sizes n1, n2, . . ., nI from I populations. There are N obser-
vations in all. Rank all N observations, and let Ri be the sum of the ranks for the ith 
sample. The Kruskal–Wallis statistic is

H �
12

N1N � 12 a
R2

i

ni
� 3 1N � 12

When the sample sizes ni are large and all I populations have the same continuous 
distribution, H has approximately the chi-square distribution with I � 1 degrees of 
freedom.

The Kruskal–Wallis test rejects the null hypothesis that all populations have the 
same distribution when H is large.

SOLVE (inference): In Example 28.10, there are I � 4 populations and N � 16 

observations. The sample sizes are equal, ni � 4. The 16 observations arranged in 

increasing order, with their ranks, are as follows:

Yield 142.4 153.1 156.0 157.3 158.6 161.1 162.4 162.7

Rank 1 2 3 4 5 6 7 8

Yield 162.8 165.0 166.2 166.7 166.7 172.2 176.4 176.9

Rank 9 10 11 12.5 12.5 14 15 16

There is one pair of tied observations. The ranks for each of the four treatments are

Weeds Ranks Sum of  Ranks

0 10 12.5 14 16 52.5

1  4 6 11 12.5 33.5

3  2 3  5 15 25.0

9  1 7  8 9 25.0

The Kruskal–Wallis statistic is therefore

 H �
12

N 1N � 12 a
R2

i

ni

� 31N � 12

 �
12

1162 1172 a
52.52

4
�

33.52

4
�

252

4
�

252

4
b � 132 1172

 �
12

272
11282.1252 � 51

 � 5.56

step4

EXAMPLE 28.11 Weeds among the Corn, Continued

We now see that, like the Wilcoxon rank sum statistic, the Kruskal–Wallis sta-
tistic is based on the sums of the ranks for the groups we are comparing. The more 
different these sums are, the stronger is the evidence that responses are systemati-
cally larger in some groups than in others.

The exact distribution of the Kruskal–Wallis statistic H under the null hypoth-
esis depends on all the sample sizes n1 to nI, so tables are awkward. The calculation 
of the exact distribution is so time consuming for all but the smallest problems that 
even most statistical software uses the chi-square approximation to obtain P-values. 
As usual, the exact distribution when there are ties among the responses requires 
special software. We again assign average ranks to tied observations.
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Figure 28.8 displays the Minitab output for both ANOVA and the Kruskal–
Wallis test, and the CrunchIt! output for the Kruskal–Wallis test. Minitab agrees 
that H � 5.56 and gives P � 0.135. Minitab also gives the results of an adjust-
ment that makes the chi-square approximation more accurate when there are ties. 
CrunchIt! automatically makes a correction for ties as well. For these data, the 
adjustment has no practical effect. It would be important if there were many ties. A 
very lengthy computer calculation shows that the exact P-value is P � 0.1299. The 
chi-square approximation is quite accurate.

The ANOVA F test gives F � 1.73 with P � 0.213. Although the practical 
conclusion is the same, ANOVA and Kruskal–Wallis do not agree closely in this 
example. The rank test is more reliable for these small samples with outliers.

Referring to the table of chi-square critical points (Table D) with df � 3, we see that 

the P-value lies in the interval 0.10 � P � 0.15.

CONCLUDE: Although this small experiment suggests that more weeds decrease 

yield, it does not provide convincing evidence that weeds have an effect. ■

Kruskal-Wallis Test: Yield versus Weeds

One-way ANOVA: Yield versus Weeds

Kruskal-Wallis Test on Yield

* NOTE * One or more small samples

Analysis of Variance for Yield

Weeds
0
1
3
9
Overall

Source
Weeds
Error
Total

DF
3
12
15

SS
340.7
785.5
1126.2

MS
113.6
65.5

F
1.73

P
0.213

Median
169.5
163.6
157.3
162.6

Ave Rank
13.1
8.4
6.3
6.3
8.5

N
4
4
4
4
16

Z
2.24
-0.06
-1.09
-1.09

H = 5.56  DF = 3  P = 0.135
H = 5.57  DF = 3  P = 0.134 (adjusted for ties)

Individual 95% CIs For Mean
Based on Pooled StDev

StDev
5.42
4.47
10.49
10.12

Mean
170.20
162.82
161.03
157.57

N
4
4
4
4

Level
0
1
3
9

Pooled StDev = 8.09 150 160 170 180

Session

Minitab

FIGURE 28.8
Minitab output for the corn yield data of Example 28.10. For comparison, both the Kruskal–Wallis test 

and one-way ANOVA are shown.
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28-2728.11 The Kruskal–Wallis Test Statistic

CrunchIt!

Results - Kruskal-Wallis

Export

df:

H statistic:

P-value:

3

5.573

0.1344

Apply Your Knowledge
28.27 More Rain for California? Exercise 27.31 (page 670) describes an ex-

periment that examines the effect on plant biomass in plots of California 
grassland randomly assigned to receive added water in the winter, added 
water in the spring, or no added water. The experiment continued for 
several years. Here are data for 2004 (mass in grams per square meter): 

DA
TA

DA
TA MASS2004

Winter Spring Control

254.6453 517.6650 178.9988

233.8155 342.2825 205.5165

253.4506 270.5785 242.6795

228.5882 212.5324 231.7639

158.6675 213.9879 134.9847

212.3232 240.1927 212.4862

 The sample sizes are small, and the data contain some possible outliers. We 
will apply a nonparametric test.

(a) Examine the data. Show that the conditions for ANOVA (page 656) 
are not met. What appear to be the effects of extra rain in winter 
or spring?

(b) What hypotheses does ANOVA test? What hypotheses does 
Kruskal–Wallis test?

(c) What are I, ni, and N? Arrange the counts in order and assign 
ranks.

(d) Calculate the Kruskal–Wallis statistic H. How many degrees of 
freedom should you use for the chi-square approximation to its null 
distribution? Use the chi-square table to give an approximate P-value. 
What does the test lead you to conclude?

28.28 Logging in the Rain Forest: Species Richness. Table 27.2 (page 
652) contains data comparing the number of trees and number of tree spe-
cies in plots of land in a tropical rain forest that had never been logged with 
similar plots nearby that had been logged one year earlier and eight years 
earlier. The third response variable is species richness, the number of tree 

FIGURE 28.8
(Continued)

FREE144_SE_CH28_1-34.indd Page 28-27  10/27/14  7:29 AM s-w-149 FREE144_SE_CH28_1-34.indd Page 28-27  10/27/14  7:29 AM s-w-149 /208/WHF00270/work/indd/CH28/208/WHF00270/work/indd/CH28



CHAPTER 28   ■   Nonparametric Tests28-28

species divided by the number of trees. There are low outliers in the data, 
and a histogram of the ANOVA residuals shows outliers as well. Because 
of lack of Normality and small samples, we may prefer the Kruskal–Wallis 
test. 

DA
TA

DA
TA LOGFULL

(a) Make a graph to compare the distributions of richness for the 
three groups of plots. Also give the median richness for the three 
groups.

(b) Use the Kruskal–Wallis test to compare the distributions of rich-
ness. State hypotheses, the test statistic and its P-value, and your 
conclusions.

28.29 Does Polyester Decay? Here are the breaking strengths (in pounds) 
of strips of polyester fabric buried in the ground for several lengths of 
time:10 

DA
TA

DA
TA POLYSTR

 2 weeks 118 126 126 120 129

 4 weeks 130 120 114 126 128

 8 weeks 122 136 128 146 140

16 weeks 124 98 110 140 110

  Breaking strength is a good measure of the extent to which the fabric has 
decayed. Do a complete analysis that compares the four groups. Give the 
Kruskal–Wallis test along with a statement in words of the null and alterna-
tive hypotheses.

28.30 Good Weather and Tipping. Favorable weather has been shown to be 
 associated with increased tipping. Exercise 27.35 (page 672) describes a 
study to investigate whether just the belief that future weather will be 
favorable can lead to higher tips. The researchers gave 60 index cards to a 
waitress at an Italian restaurant in New Jersey. Before delivering the bill to 
each customer, the waitress randomly selected a card and wrote on the bill 
the same message that was printed on the index card. Twenty of the cards 
had the message, “The weather is supposed to be really good tomorrow. I 
hope you enjoy the day!” Another 20 cards contained the message, “The 
weather is supposed to be not so good tomorrow. I hope you enjoy the day 
anyway!” The remaining 20 cards were blank, indicating that the wait-
ress was not supposed to write any message. Choosing a card at random 
ensured that there was a random assignment of the diners to the three 
experimental conditions. Here are the tips as a percentage of the total bill 
for the three messages:11 

DA
TA

DA
TA TIPPING

Good weather 
report

20.8 18.7 19.9 20.6 22.0 23.4 22.8 24.9 22.2 20.3

24.9 22.3 27.0 20.4 22.2 24.0 21.2 22.1 22.0 22.7

Bad weather 
report

18.0 19.0 19.2 18.8 18.4 19.0 18.5 16.1 16.8 14.0

17.0 13.6 17.5 19.9 20.2 18.8 18.0 23.2 18.2 19.4

No weather 
report

19.9 16.0 15.0 20.1 19.3 19.2 18.0 19.2 21.2 18.8

18.5 19.3 19.3 19.4 10.8 19.1 19.7 19.8 21.3 20.6

  Do a complete analysis that includes a test of significance. Include a 
statement in words of your null and alternative hypotheses.

28.31 Food Safety. Example 28.5 describes a study of the attitudes of people 
attending outdoor fairs about the safety of the food served at such locations. 

step4

step4
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28-29Summary

The data set contains the responses of 303 people to several questions. The 
variables in this data set are (in order) 

DA
TA

DA
TA FOODSAFE

subject hfair sfair sfast srest gender

  The variable “sfair” contains responses to the safety question described 
in Example 28.5. The variables “srest” and “sfast” contain responses to 
the same question asked about food served in restaurants and in fast-food 
chains. Explain carefully why we cannot use the Kruskal–Wallis test to see 
if there are systematic differences in perceptions of food safety in these 
three locations.

CHAPTER 28 SUMMARY

Chapter Specifics

■ Nonparametric tests do not require any specific form for the distributions of the popu-
lations from which our samples come.

■ Rank tests are nonparametric tests based on the ranks of observations, their positions 
in the list ordered from smallest (rank 1) to largest. Tied observations receive the aver-
age of their ranks. Use rank tests when the data come from random samples or random-
ized comparative experiments and the populations have continuous distributions.

■ The Wilcoxon rank sum test compares two distributions to assess whether one has sys-
tematically larger values than the other. The Wilcoxon test is based on the Wilcoxon 
rank sum statistic W, which is the sum of the ranks of one of the samples. The 
Wilcoxon test can replace the two-sample t test. Software may perform the Mann–
Whitney test, another form of the Wilcoxon test.

■ P-values for the Wilcoxon test are based on the sampling distribution of the rank sum 
statistic W when the null hypothesis (no difference in distributions) is true. You can 
find P-values from special tables, software, or a Normal approximation (with continuity 
correction).

■ The Wilcoxon signed rank test applies to matched pairs studies. It tests the null 
hypothesis that there is no systematic difference within pairs against alternatives that 
assert a systematic difference (either one-sided or two-sided).

■ The test is based on the Wilcoxon signed rank statistic W+, which is the sum of the 
ranks of the positive (or negative) differences when we rank the absolute values of the 
differences. The matched pairs t test is an alternative test in this setting.

■ P-values for the signed rank test are based on the sampling distribution of W�  when 
the null hypothesis is true. You can find P-values from special tables, software, or a 
Normal approximation (with continuity correction).

■ The Kruskal–Wallis test compares several populations on the basis of independent 
random samples from each population. This is the one-way analysis of variance 
setting.

■ The null hypothesis for the Kruskal–Wallis test is that the distribution of the response 
variable is the same in all the populations. The alternative hypothesis is that responses 
are systematically larger in some populations than in others.

■ The Kruskal–Wallis statistic H can be viewed in two ways. It is essentially the result 
of applying one-way ANOVA to the ranks of the observations. It is also a comparison 
of the sums of the ranks for the several samples.
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STAT IST ICS  IN  SUMMARY

Here are the most important skills you should have acquired from reading this chapter.

A. Ranks

1. Assign ranks to a moderate number of observations. Use average ranks if there are 
ties among the observations.

2. From the ranks, calculate the rank sums when the observations come from two or 
several samples.

B. Rank Test Statistics

1. Determine which of the rank sum tests is appropriate in a specifi c problem setting.

2. Calculate the Wilcoxon rank sum W from ranks for two samples, the Wilcoxon 
signed rank sum W�  for matched pairs, and the Kruskal–Wallis statistic H for two 
or more samples.

3. State the hypotheses tested by each of these statistics in specifi c problem settings.

4. Determine when it is appropriate to state the hypotheses for W and H in terms of 
population medians.

C. Rank Tests

1. Use software to carry out any of the rank tests. Combine the test with data descrip-
tion and give a clear statement of fi ndings in specifi c problem settings.

2. Use the Normal approximation with continuity correction to fi nd approximate 
P-values for W and W� . Use a table of chi-square critical values to approximate the 
P-value for H.

Link It

The statistical methods in Chapters 20, 21, and 27 were developed for Normal distribu-
tions, but are fairly robust against a failure in this assumption. However, when the sample 
sizes are very small or there are outlying observations, it is important to have alternative 
techniques. The nonparametric methods described in this chapter provide such alterna-
tives. Nonparametric methods often involve replacing the actual data by their ranks, which 
makes these methods fairly insensitive to outlying observations and also allows us to use 
them with minimal assumptions regarding the distributions of the data.

For the paired-data problem, the Wilcoxon signed rank test can be used as an alter-
native to the paired t test of Chapter 20, whereas for the two-sample problem the rank 
sum test provides an alternative to the two-sample t test described in Chapter 21. The 
Kruskal–Wallis test can be used in place of the F test for one-way ANOVA. Although 
we have concentrated on hypothesis testing in this chapter, these nonparametric methods 
also provide confidence intervals, and in one-way ANOVA there are associated multiple 
comparisons for determining which of the treatments differ. As with the other supplemental 
chapters, this chapter is intended to provide only an introduction to a more advanced topic 
in statistical inference. More advanced courses in statistics will provide additional details 
for these methods.

■ When the sample sizes are not too small and the null hypothesis is true, the Kruskal–
Wallis test statistic for comparing I populations has approximately the chi-square distri-
bution with I � 1 degrees of freedom. We use this approximate distribution to obtain 
P-values.
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28-31Exercises

CHECK YOUR SK ILLS

28.32 A study of the effects of exercise used rats bred to 
have high or low capacity for exercise. There were 
eight high-capacity and eight low-capacity rats. To 
compare the blood pressures of the groups, you use the

 (a) Wilcoxon rank sum test.
 (b) Wilcoxon signed rank test.
 (c) Kruskal–Wallis test.

28.33 You interview college students who have done commu-
nity service and another group of students who have 
not. To compare the scores of the two groups on a test 
of attitude toward people of other races, you use the

 (a) Wilcoxon rank sum test.
 (b) Wilcoxon signed rank test.
 (c) Kruskal–Wallis test.

28.34 You interview both the husband and the wife in 
64 married couples and give each a test that mea-
sures marital satisfaction. To assess whether there is 
a difference in level of marital satisfaction between 
husbands and wives, you use the

 (a) Wilcoxon rank sum test.
 (b) Wilcoxon signed rank test.
 (c) Kruskal–Wallis test.

28.35 When some plants are attacked by leaf-eating in-
sects, they release chemical compounds that repel 
the insects. Here are data on emissions of one com-
pound by plants attacked by leaf bugs and by plants 
in an undamaged control group:

Control group 14.4 15.2 12.6 11.9 5.1 8.0

Attacked group 10.6 15.3 25.2 19.8 17.1 14.6

The rank sum W for the control group is

 (a) 21.  (b) 26.  (c) 52.

28.36 If there is no difference in emissions between the 
attacked group and the control group, the mean of 
W in Exercise 28.35 is

 (a) 39.  (b) 78.  (c) 6.2.

28.37 Suppose that the 12 observations in Exercise 28.35 
were

Control group 14.4 15.2 12.6 11.9 5.1 8.0

Attacked group 14.4 15.3 25.2 19.8 17.1 14.4

 The rank sum for the control group is now

 (a) 21.  (b) 23.  (c) 25.

28.38 Interview 10 young married couples, speaking with 
wife and husband separately. One question asks how 
important the attractiveness of their spouse is to 
them on a scale of 1 to 10. Here are the responses:

COUPLE

1 2 3 4 5 6 7 8 9 10

Husband 7 7 7 3 9 5 10 6 6 7

Wife 4 2 5 2 2 2 4 7 1 5

 The Wilcoxon signed rank statistic W�  (based on 
husband’s score minus wife’s score) is

 (a) 51.  (b) 53.5.  (c) 54.

28.39 If husbands and wives don’t differ in how important 
the attractiveness of their spouse is, the mean of W�

in Exercise 28.38 is

 (a) 27.5.  (b) 55.  (c) 105.

28.40 Suppose that the responses in Exercise 28.38 are

COUPLE

1 2 3 4 5 6 7 8 9 10

Husband 7 7 7 3 9 5 10 6 6 5

Wife 4 2 5 3 2 2 4 7 1 5

 The Wilcoxon signed rank statistic W�  (based on 
husband’s score minus wife’s score) is now

 (a) 35.  (b) 36.  (c) 52.

28.41 You compare the starting salaries of seven graduates 
who majored in accounting, nine who majored in 
finance, and five who majored in marketing. If the 
three starting-salary distributions are the same, the 
Kruskal–Wallis statistic H has approximately a chi-
square distribution. The degrees of freedom are

 (a) 1.  (b) 2.  (c) 3.

One of the rank tests discussed in this chapter is appropriate 
for each of the following exercises. Follow the Plan, Solve, and 
Conclude parts of the four-step process in your answers.

28.42 Each day I am getting better in math. Table 21.3 
(page 514) gives the before and after scores for two 
groups of students taking a program to improve their 
basic mathematics skills. Did the treatment group 

step4

show significantly greater improvement than the 
control group?  

DA
TA

DA
TA SUBLIM

28.43 Which blue is most blue? The color of a fabric 
depends on the dye used and also on how the dye 
is applied. This matters to clothing manufacturers, 
who want the color of the fabric to be just right. Dye 
fabric made of ramie with the same “procion blue” 

step4
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at such locations. The full data set contains the re-
sponses of 303 people to several questions. The vari-
ables in this data set are (in order)  

DA
TA

DA
TA FOODSAFE

subject hfair sfair sfast srest gender

 The variable “sfair” contains responses to the safety 
question described in Example 28.5. The variable 
“srest” contains responses to the same question 
asked about food served in restaurants. We suspect 
that restaurant food will appear safer than food 
served outdoors at a fair. Do the data give good evi-
dence for this suspicion?

28.47 Food safety at fairs and fast-food restaurants. The 
food safety survey data described in Example 28.5 also 
contain the responses of the 303 subjects to the same 
question asked about food served at fast-food restau-
rants. These responses are the values of the variable 
“sfast.” Is there a systematic difference between the 
level of concern about food safety at outdoor fairs 
and at fast-food restaurants?  

DA
TA

DA
TA FOODSAFE

28.48 Nematodes and plant growth. A botanist prepares 
16 identical planting pots and then introduces differ-
ent numbers of nematodes (microscopic worms) into 
the pots. A tomato seedling is transplanted into each 
pot. Here are data on the increase in height of the 
seedlings (in centimeters) 16 days after planting:14 

DA
TA

DA
TA NEMATODE

NEMATODES SEEDLING GROWTH

0 10.8 9.1 13.5 9.2

1,000 11.1 11.1 8.2 11.3

5,000 5.4 4.6 7.4 5.0

10,000 5.8 5.3 3.2 7.5

 Do nematodes in soil affect plant growth?

28.49 Mutual fund performance. Mutual funds often 
compare their performance with a benchmark pro-
vided by an “index” that describes the performance 
of the class of assets in which the funds invest. For 
example, the Vanguard International Growth Fund 
benchmarks its performance against the Spliced 
International index. Table 20.3 (page 482) gives the 
annual returns (percent) for the fund and the index. 
Does the fund’s performance differ significantly from 
that of its benchmark? 

DA
TA

DA
TA MFUND

How does the meeting of large rivers influence the diversity of fish? 
A study of the Amazon and 13 of its major tributaries concen-
trated on electric fish, which are common in South America. The 
researchers trawled in more than 1000 locations in the Amazon 
above and below each tributary and in the lower part of the tribu-
taries themselves. In all, they found 43 species of electric fish. These 

step4

step4

step4

dye applied in four different ways. Then use a col-
orimeter to measure the lightness of the color on a 
scale in which black is 0 and white is 100. Here are 
the data for eight pieces of fabric dyed in each way:12  

DA
TA

DA
TA BLUEDYE

Method A 41.72 41.83 42.05 41.44 41.27 42.27 41.12 41.49

Method B 40.98 40.88 41.30 41.28 41.66 41.50 41.39 41.27

Method C 42.30 42.20 42.65 42.43 42.50 42.28 43.13 42.45

Method D 41.68 41.65 42.30 42.04 42.25 41.99 41.72 41.97

Do the methods differ in color lightness?

28.44 The brain responds to sound. Table 7.1 (page 191) 
contains data from a study comparing the brain’s 
response to “pure tones” and recognizable sounds. 
Researchers anesthetized macaque monkeys and fed 
pure tones and also monkey calls directly to their 
brains by inserting electrodes. Response to the stim-
ulus was measured by the firing rate (electrical spikes 
per second) of neurons in various areas of the brain. 
You may assume the 37 responses are independent. 
Researchers suspected that the response to monkey 
calls would be stronger than the response to a pure 
tone. Do the data support this idea?  

DA
TA

DA
TA MONKEY

28.45 Adolescent obesity. Adolescent obesity is a serious 
health risk affecting more than 5 million young people 
in the United States alone. Laparoscopic adjustable 
gastric banding has the potential to provide a safe and 
effective treatment. Fifty adolescents between 14 and 
18 years old with a body mass index higher than 35 
were recruited from the Melbourne, Australia, com-
munity for the study.13 Twenty-five were randomly 
selected to undergo gastric banding, and the remain-
ing twenty-five were assigned to a supervised lifestyle 
intervention program involving diet, exercise, and 
behavior modification. All subjects were followed for 
two years. Here are the weight losses in kilograms for 
the subjects who completed the study. In the gastric 
banding group:  

DA
TA

DA
TA GASTRIC

35.6 81.4 57.6 32.8 31.0 37.6 36.5 �5.4
27.9 49.0 64.8 39.0 43.0 33.9 29.7 20.2
15.2 41.7 53.4 13.4 24.8 19.4 32.3 22.0

In the lifestyle intervention group:

6.0  2.0 �3.0 20.6 11.6 15.5 �17.0 1.4 4.0
�4.6 15.8 34.6 6.0 �3.1 �4.3 �16.7 �1.8 �12.8

Does gastric banding result in significantly greater 
weight loss than a supervised lifestyle intervention 
program?

28.46 Food safety at fairs and restaurants. Example 28.5 
describes a study of the attitudes of people attend-
ing outdoor fairs about the safety of the food served 

step4

step4

step4
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28.50 Downstream versus upstream. “We identified a 
significant positive effect of tributaries on Amazon 
mainstream species richness in two respects. First, 
we found that sample stations downstream of each 
tributary contained more species than did their re-
spective upstream stations.” Do a test to confirm the 
statistical significance of this effect and report your 
conclusion.

28.51 Tributary versus upstream. “Second, we found 
that species richness within tributaries exceeded 
that within their adjacent upstream mainstream sta-
tions.” Again, do a test to confirm significance and 
report your finding.

28.52 Tributary versus downstream. Species richness 
“was comparable between tributaries and their ad-
jacent downstream mainstream stations.” Verify this 
conclusion by comparing tributary and downstream 
species counts.

distinctive fish can “stand in” for fish in general, which are too nu-
merous to count easily. The researchers concluded that the number 
of fish species increases when a tributary joins the Amazon, but 
that the effect is local: there is no steady increase in diversity as we 
move downstream. Table 28.1 gives the estimated number of elec-
tric fish species in the Amazon upstream and downstream from each 
tributary and in the tributaries themselves just before they flow into 
the Amazon.15 The researchers used nonparametric tests to assess 
the statistical significance of their results. Exercises 28.50 to 28.52 
quote conclusions from the study.  

DA
TA

DA
TA AMAZON

T A B L E  2 8 . 1   ELECTRIC FISH SPECIES 
IN THE AMAZON

SPECIES COUNTS

TRIBUTARY UPSTREAM TRIBUTARY DOWNSTREAM

Içá 14 23 19
Jutaí 11 15 18
Juruá 8 13 8
Japurá 9 16 11
Coari 5 7 7
Purus 10 23 16
Manacapuru 5 8 6
Negro 23 26 24
Madeira 29 24 30
Trombetas 19 20 16
Tapajós 16 5 20
Xingu 25 24 21
Tocantins 10 12 12

Exploring the Web

28.53 Confidence in the banking system. The General Social Survey (GSS) is a 
sociological survey used to collect data on demographic characteristics and at-
titudes of residents of the United States. The survey is conducted by the National 
Opinion Research Center of the University of Chicago, which interviews face-
to-face a randomly selected sample of adults (18 and older). SDA (Survey Docu-
mentation and Analysis) is a set of programs that allows you to analyze survey 
data and includes the GSS as part of its archive. In Exercises 27.44 and 27.45, you 
used data from the GSS to study the relationship between average respondent 
age and confi dence in the banking system. A one-way ANOVA showed a sta-
tistically signifi cant difference between the age of the respondent and his or her 
confi dence in the banking system. Download the data fi le following the directions 
in Exercise 27.45 (page 675), and do the Kruskal–Wallis test to see if the ages are 
systematically higher for some levels of confi dence in the banking system than 
others. Are your results similar to the one-way ANOVA?

28.54 Who’s more liberal? The American National Election Studies (ANES) is the 
leading academically run national survey of voters in the United States and is 
conducted before and after every presidential election. SDA (Survey Documen-
tation and Analysis) is a set of programs that allows you to analyze survey data 
and includes the ANES survey as part of its archive. Go to the website sda.
berkeley.edu/ and click on the Archive link at the top of the page. Under 
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the National Omnibus Surveys, go to the most recent ANES survey (at the time 
of writing, this was the 2008 ANES survey).

 (a) Open the pre-election survey data. Under Liberal/Conservative, choose 
the variable “liberal/conservative self-placement on a 7 point scale.” Use this as 
your column variable. Under Nonsurvey data, choose “respondent’s gender.” Use 
this as your row variable. In the details for the table, set Weight to none, and for 
N of Cases to Display, make sure the unweighted box is checked. For Percentag-
ing, choose row percents. Now click on “run the table.”

 (b) You want to see if either gender rates itself as more liberal by carrying out 
the Wilcoxon rank sum test using the same ideas as in Example 28.5. You fi rst 
need to use the summary table generated in part (a) to re-create the original 
observations. There are two variables in the data set: gender and liberal/conser-
vative placement. How many observations are there in total? How many observa-
tions are extremely liberal males? Each extremely liberal male corresponds to one 
observation in the data set with the gender variable taking the value male and 
the liberal/conservative placement variable taking the value 1. Once you have 
re-created the original observations, use software to perform the Wilcoxon rank 
sum test. Is your software adjusting for ties? What is your conclusion?

 (c) Can the two-sample t test be used to answer this question? Explain.
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