Chapter 5

Sampling Distributions

5.1 Sampling Distributions for Proportions

The location, spread and shape of the distribution of the sample proportion can be obtained by the laws of
probability. If p” represents the sample proportion of successes in an SRS of size n drawn from a large
population having population proportion p of successes, then the mean and standard deviation of p” are

Hp =P

p(-p)

Op =

Example 5.1 Are attitudes toward shopping changing?

An SRS of 100 U.S. adults asks whether they agreed or disagreed that “I like buying new clothes, but
shopping is often frustrating and time-consuming.” The proportion of the sample that agrees is to be
calculated. It is a statistic and varies from sample to sample. The mean and standard deviation of this
sample proportion are
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In Chapter 3, we conducted a simulation to imitate the process of taking 1000 SRSs of size 100 from a
population in which 60% of the individuals agreed with the statement. The resulting distribution of the
1000 sample proportions approximates the sampling distribution of p”.

We can compare the mean and standard deviation of the simulated distribution with the values that we
have just calculated. In Chapter 3, the Distribution command gave



[0 = egd3 021jmp By (5ampl... = T B

=| @D Distributions |
| @ Sample Proportion |

0.7
0.6

=

0.5+

R

0.4+

=| Quantiles
100.0% maxirum 0.73000
99.5% 0.72000
97.5% 0.70000
a0.0% 0.66000

75.0% quartile 0.63000
S0.0% median  0.60000
25.0% quartile  0.56000

10.0% 0.54000
25% 0.50000
0.5% 0. 46000
0.0% minimurm  0.42000
<] Moments
Mean 0.59902
Std Dew 0.0493607
Std Err Mean 0.0015609

upper 95% Mean 0.6020531
lower 95% Mean 0.5959569
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The empirical results (mean = 0.59902 and standard deviation = 0.0493607) are very close to the true
values. In addition, the shape of the histogram is consistent with the DeMoivre-Laplace theorem—when
n is large, the sampling distribution of the sample proportion is approximately normal. As an exercise,
you will be asked to construct a normal quantile plot to confirm this.

5.2 The Sampling Distribution of a Sample Mean

The laws of probability can be used to derive the mean and standard deviation of the sampling
distribution of "x of an SRS of size n from a population with mean p and standard deviation . The

mean and standard deviation of ~x are
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The Central Limit Theorem tells us that the distribution of ~x will be approximately normal no matter

what the shape of the population distribution as long as the sample size is large enough (and the standard
deviation is finite).

To better understand these results and the concept of a sampling distribution, we will simulate the
sampling distributions for means of SRSs of different sizes from a very skewed distribution.

Example 5.2 Simulating the sampling distribution of a sample mean

1. Open the JIMP data table CLT.jmp on the IPS CD-ROM.

2. Select Rows > Add Rows.

3. Type 1000 and press OK.

Here is a subset of one possible data table. Since the data values are generated at random, your table will
have different values.

O CLTjmp (2] =]
- 5/0Cols =) | Sample Mean |Sample Mean |Sample Mean | Sample Mean | Sample Mean
D040 Rows (n=1) (n=5) {n=10) {n=50) {n=100)
1 0.2001729 0107001 016564505 020925225 017166303
2 002581227 017064275 0220231385 022361167 0.22192559
3 0.06750415 0.38230752 0.20522345 0210783583 0158932209 -
4 0.66513135 0.24105114 02025841 45 017555411 015667142 [ |
KD

Each row imitates selecting an SRS from a very skewed distribution. There are five columns. The first
column contains the mean for each sample of size 1. Hence, these are random values from the population
distribution and their distribution will approximate the population distribution. Let’s use JMP to look at

it.

4. Select Analyze = Distribution.

5. Select Sample Mean (n=1) and press Y, Columns and OK.
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Thus, the mean p and the standard deviation O of the population distribution are approximately 0.1973134
and 0.2579845, respectively. (Of course, since the data values are generated at random, your results will
differ slightly). You can also see that the distribution is strongly skewed toward larger numbers. Waiting
times for service (e.g., a highway tollboth lane) often follow such a distribution.

Now, let’s look at the distributions of the sample mean for SRSs of sizes 5, 10, 50 and 100.

6. Select Analyze = Distribution

7. Select Sample Mean (n=5), ..., Sample Mean (n=100) and press Y, Columns and OK.




I="—"—————————(Tljmp:Distrintion>n"r0—-————————— 0|8
<[ @ Distributions |
<[ @ Sample Mean {n=5) | @ Sample Mean (n=10) |~ @ Sample Mean {(n=50) |~[ @Sample Mean {n=100) |
0.7 ] ] 1
] 0.50] : 0.3
0.6 . ] :
] . b 1 i
254 0.40 1 1
047 0.30 ] .
] 0.2+ 1
0.3 ; ] ] 0.2
] 0.20 1 1
0.2 [ ] 1 1
0.1 - 0.10-] 1 1
0 1 0.1
J 0 ]
~| Quantiles | ~[ Quantiles | ~[ Quantiles | ~[ Quantiles
100.0% maximum 0.65257 100.0% maximum 0.50542 100.0% maximum 0.30541 100.0% maximum 0.27970
99.5% 0.58073 99.5% 0.45447 99.5% 0.29735 99.5% 0.27372
97.5% 0.45772 97.5% 0.37506 97.5% 0.2755% 97.5% 0.25494
90.0% 0.35520 90.0% 0.30862 90.0% 0.25159 90.0% 0.23503
75.0% quartile 0.27560 75.0% quartile 0.25712 75.0% quartile 0.22605 75.0% quartile 0.21800
50.0% median 0.15542 50.0% median 0.19793 50.0% median  0.19995 50.0% median 0.20014
25.0% quartile 0.10497 25.0% quartile 0.13955 25.0% quartile 0.17309 25.0% quartile 0.18121
10.0% 0.04673 10.0% 0.09745 10.0% 0.14951 10.0% 0.16435
2.5% 0.01913 2.5% 0.05655 25% 0.12447 2.5% 0.14575
0.5% 0.00322 0.5% 0.02054 0.5% 011126 0.5% 0.13624
0.0% minimum 0.00017 0.0% minimum 0.01074 0.0% minimum  0.09545 0.0% minimum 0.13055
~[ Homents | ~[ Homents | ~[ Homents | ~[ Moments
Mean 0.1959365 Mean 0.2009082 Mean 0.1995225 Mean 0.2000676
Sitd Dew 01181419 Sitd Dew 0.052931 Std Dew 0.035476 Std Dew 0.0270544
Std Err Mean 0.003736 Std Err Mean 0.0026225 Std Err Mean 0.0012167 Std Err Mean 0.00058555
upper 95% Mean 0.2032677 upper 95% Mean 0.2060545 upper 95% Mean 0.2022104 upper 95% Mean 0.2017465
lower 95% Mean  0.1886052 lower 95% Mean 0.195762 lower 95% Mean 0.1974352 lower 95% Mean 0.1983885
N 1000 N 1000 N 1000 N 1000 Z

First, look at the means for each distribution and compare them to the mean of the first column, which
approximates the population mean. Notice that they are almost equal.

Second, consider the standard deviations of these distributions, 0.1181419, 0.082931, 0.038476, and
0.0270544, respectively. Note that they become progressively smaller as expected. According to the
formula, these standard deviations should each be approximately 1/vn times the population standard
deviation. For the simulation shown here, the population standard deviation is approximately 0.2579845
and so the standard deviations of these sampling distributions should have been approximately 0.115374,
0.081582, 0.036485, and 0.025798, respectively. They are remarkably close to the corresponding
empirical standard deviations. How do the empirical standard deviations of your simulation compare
with the theoretical results?

Now look at the shapes of the distributions. Notice that they tend to look more like a normal curve as the
sample size increases even though the population distribution is very skewed. That’s what the famous
Central Limit Theorem says!

5.3 Exercises

Are attitudes toward shopping changing? In Example 3.21 and 5.1, you simulated the sampling
distribution of the sample proportion of the survey respondents who agreed with the statement. Use JMP
to construct a normal quantile plot to confirm that the normal approximation is reasonable.



